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Abstract. Uniform interpolation is a strong form of interpolation pro-
viding an interpretation of propositional quantifiers within a proposi-
tional logic. Pitts’ seminal work establishes this property for intuitionistic
propositional logic relying on a sequent calculus in which naive backward
proof-search terminates. This constructive approach has been adapted to
a wide range of logics, including intuitionistic modal logics. Surprisingly,
no intuitionistic modal logic with independent box and diamond has
yet been shown to satisfy uniform interpolation. We fill in this gap by
proving the uniform interpolation property for Constructive K (CK) and
Wijesekera’s K (WK). We build on Pitts’ technique by exploiting exist-
ing terminating calculi for CK and WK, which we prove to eliminate
cut, and formalise all our results in the proof assistant Rocq. Together,
our results constitute the first positive uniform interpolation results for
intuitionistic modal logics with diamond.

Keywords: Uniform Interpolation - Proof Theory - Intuitionistic
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1 Introduction

Intuitionistic modal logics form a rich class of logics that formalise modal reason-
ing over an intuitionistic propositional base. They pop up in different forms and
applications and are sensitive to many design choices. When considering intu-
itionistic modal logics with both O and <, a common feature is that O and ¢
are not interdefinable (this in contrast to classical modal logics). One tradition-
ally identifies two main streams to define such logics: Intuitionistic modal logic
and Constructive modal logic. Intuitionistic modal logics were early investigated
by, e.g., Fischer Servi [29,30], Plotkin and Stirling [44], and Ewald [25] and are
motivated by their algebraic connection to classical bi-modal logics [29,54-56]
and their interpretation via the standard translation into first-order intuitionis-
tic logic [48]. The base system in this setting is Intuitionistic K, here denoted IK,
as a counterpart to classical modal logic K. Constructive modal logics are mostly
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motivated by computational applications. Constructive K, here denoted CK, and
its modal extensions are motivated by their Curry-Howard interpretation in type
theory and their categorical semantics [5,10,11,39]. A closely related construc-
tive modal logic is Wijesekera’s system introduced to model reasoning in dynamic
systems [52]. We denote its propositional part by WK.! Recently, new approaches
have been proposed to define intuitionistic versions of classical K [8,9]. In this
paper we concentrate on the well-studied constructive modal logics CK and WK.

The research on these two logics is extensive and revealed some surprises
in recent years. Axiomatically, the two logics form extensions of intuitionistic
propositional logic IL with the following modal rule and (subset) of modal axioms
below. These axioms follow classically from the usual normality axiom Kg, but
are independent in an intuitionistic setting. We define CK = IL + {K5, K.} and
WK = CK 4 {N}, and note that CK C WK.

DEo (Nec) Ko O(p — ¥) — (Op — O9)
T'Fop Ko D(p = ¢) = (0@ = 09)
N -0l

For semantic characterisations of the logics one can consult [34]. Recent stud-
ies [19-21, 34] surprisingly resolved a common misbelief that the ¢-free fragments
of Constructive and Intuitionistic modal logics coincide: those for CK and WK
coincide with the O-only logic iK, but the one for IK is strictly stronger.

We are interested in the interpolation properties for CK and WK. Interpo-
lation properties form a central theme in logic due to their good mathematical
properties and widespread applications in computer science (see [16] for a recent
overview on foundations, methods and applications of interpolation). Craig inter-
polation states that if p entails 1, there is a formula 6 in the common vocabulary
of ¢ and 9 such that ¢ entails 6 and 6 entails . The formula 6 is called the
interpolant and explains the reason why ¢ entails ¥. Uniform interpolation is
stronger, as the interpolant only depends on ¢ and uniformly works for any
in a specified vocabulary. This property makes it possible to provide an inter-
pretation of propositional quantifiers within the propositional base [43].

Proof-theoretic methods are ideal for establishing metalogical results such
as interpolation. Indeed, the Craig interpolation property has been established
for WK in Wijesekera’s original paper using a sequent calculus [52]. In [18],
terminating sequent calculi for CK and WK were designed, but the uniform
interpolation question was left open. Even though other systems are designed for
CK and WK including a sequent system, a natural deduction system [10], a nested
sequent calculus [7] and a focused 2-sequent calculus [42] for CK, and a tableaux
calculus for the richer version CCDL of WK [53], neither Craig interpolation
for CK nor uniform interpolation for CK or WK has been investigated. Most
surprising, to the best of our knowledge, no other interpolation result is known

! Wijesekera’s full system could be viewed as a more general intuitionistic modal logic
than the Constructive Concurrent Dynamic Logic CCDL from [53]. Some authors
also denote WK as CCDL (e.g., in [18]), although, originally, CCDL was introduced
over a richer syntax including program constructors.



Uniform Interpolation with Constructive Diamond 359

for any Constructive or Intuitionistic modal logic with independent 0O and < [40],
also not via semantic means, except for one. We came to know via personal
communication with N. Bezhanishvili that the intuitionistic modal logic MIPC
[12,13,45], which can be viewed as an S5-extension of IK; does not have the
Craig interpolation property.

In this paper we focus on constructive methods towards uniform interpo-
lation. The seminal work of Pitts provides a proof-theoretic proof of uniform
interpolation for IL using a strongly terminating sequent calculus. It is now a
fruitful technique for proving uniform interpolation among many types of modal
logic: classical modal logics [14,15,26], intuitionistic modal logics [26,38], modal
substructural logics and linear logics [4,6], and non-normal modal and condi-
tional logics [2]. However, these studies only treat mono-modal logics (with O),
but do not cover intuitionistic modal logics with independent O and <.

Our Contributions. We positively answer the uniform interpolation question
for CK and WK. This question is specifically posed by Dalmonte, Grellois and
Olivetti in [18] in which they designed strongly terminating sequent calculi for CK
and WK. Our work can be seen as a follow-up in which we (1) provide single-
succedent variants of these calculi and provide termination and cut-elimination
proofs, (2) provide a constructive proof of uniform interpolation a la Pitts for CK
and WK and (3) contribute to The Rocq Prover [49] library for logics between CK
and IK [34] by formalising all our results. All results described in this paper are
accompanied by a clickable symbol “#® ” leading to their formalisation.

Our work establishes the first positive uniform interpolation result among
intuitionistic modal logics with independent O and <. Since uniform interpo-
lation is stronger than Craig interpolation, we immediately obtain the Craig
interpolation property for CK and WK as well. The constructive approach in
Rocq provides us with a uniform interpolation calculator for WK and CK already
available for some classical and intuitionistic modal logics [26,27].

2 Preliminaries

In this section we fix the syntax and axiomatic calculi for CK and WK as pre-
sented in de Groot, Shillito and Clouston’s work [34]. For the mechanisation of
most of the elements of this section, we refer to their paper.

Using a countably infinite set of propositional variables Prop = {p,q,r, ...},
we define the language £ via the following grammar in BNF notation (% ):

p=pe€Prop| LloAp|pVelo—=¢|Op|op

We abbreviate —¢ := ¢ — 1 and T := —=1. We use Greek lowercase letters, e.g.
p,%,x and ¢, to denote formulas, and Greek uppercase letters, e.g. I, A, @ W,
for multisets of formulas. For such a multiset I we define the two multisets
ol :=={0p | ¢ € I'} and O ' := {¢ | Op € I'} and similarly for ©I" and
O~ We also write I' W A for the disjoint union of multisets I' and A. If T’


https://ianshil.github.io/CK
https://ianshil.github.io/CK/Syntax.im_syntax.html#form
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Axioms
AL o= (¥ =) A7 (pAY) > 9
Ay (o= (W —=x) 2 (p=Y) = (e—=x) As (¢ 2 ¥) = (p—=x) = (9= (Y AX)
Az o = (@ V) Ag L =
Asp = (V) Ko O(p = ¢) = (Op — OY%)
As (o= x) 2> (W —=x) = (pVY) = x) Ko Olp = ¢) = (09 — O1)
As (pANY) = @ N —-oL
Rules of Inference
 is an instance of an axiom pel
(Ax) (El)
't 't
Do 'ty T'bp—2
(Nec) (MP)
I'Fop 't

Fig. 1. Generalised Hilbert calculi CKH (# ) and WKH (#® ).

is finite, \/ I' denotes the disjunction of all formulas in I" and A I’ denotes the
conjunction of all formulas in I", with the convention that \/) = L and AD = T.

To finish with the syntax, we define a notion which we use to show termina-
tion of backward proof-search in our sequent calculi.

Definition 1 (W ). The weight w(p) of a formula is defined as follows.

w(Ll) =w(p) =1
w( vV x) =w) — x) =w(@) +w(x)+1
w(h Ax) = ( ) +w(x) +2
w(Oy) = w(oy) =w(t) +1

We provide generalised Hilbert calculi for CK and WK, i.e. axiomatic calculi
manipulating consecutions of the shape I' - ¢ where I' is a set of formulas. The
calculus CKH for CK extends the one for intuitionistic logic IL, with its axioms
and rules, with the necessitation rule (Nec) and axioms Ky and K,,. The calculus
WKH for WK is nothing but the calculus CKH augmented with the axiom N. All
the axioms and rules just mentioned are presented in Fig. 1. We write I" by ¢ if
I' - ¢ is provable in H, for H € {CKH, WKH}.

3 Sequent Calculi for CK and WK

In this section we introduce the sequent calculi G4ACK (# ) and GAWK (¥ ) for
CK and WK, respectively. Sequents in these calculi, which are presented in Fig. 2,
are expressions of the shape I' = A where the antecedent I" and the succedent A
are both finite multisets of formulas. Note that I, and I', IT stand for I' W {¢}
and I' W I, respectively. While antecedents are unconstrained multisets in both
calculi, succedents need to have a cardinality of ezactly one (i.e. |A] = 1) in
G4CK, and of at most one (i.e. |A| < 1) in GAWK. This technically makes G4CK
a single-succedent calculus, and G4WK a calculus with either empty or singleton


https://ianshil.github.io/CK/GHC.CKH.html#CKH_prv
https://ianshil.github.io/CK/GHC.CKH.html#WKH_prv
https://ianshil.github.io/CK/Sequent.syntax_facts.html#weight
https://ianshil.github.io/CK/Sequent.G4CK.CKSequents.html#Provable
https://ianshil.github.io/CK/Sequent.G4WK.WKSequents.html#Provable
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(11) (14P) o= A " 'se I'svy )
Ll=4 Lip=p LoAp= A I'= oAy
o= A ry=A I'= p; I'ip=1
(VL) ———— (VR;)(i€{1,2}) ——— (—=R)
Lovy=A I'= o1V I'=p—y
Ne—=W-=x)=A4 Ne—=x,v—=x=A4
(AN—L) (v—L)
I(pAY) = x= A I(eVy)—=>x=A
Iip,p= A Ny—-x=¢—vy Ix=>A4
— T (p5L) (L)
Ipp—e=A I'i(p—=1)—=x=A4
O 'I'= O ' F'=¢p Lip=A
— (OR) (o—L)
I'= Op Iop—vyv=A4A

O 'Iiy=¢ Loy, p=A

(¢ —L)
oy, op—y=A
O ' = O 'e=o'tA
— . (oL) (oL)
IS = oY Iop=A

Fig. 2. The sequent calculi G4CK and G4WK. In the former succedents A are
singletons of the shape {d§}, while in the latter succedents are either singletons
or the empty set. The rule (OL) (resp. (OL’)) belongs to G4CK (resp. G4AWK)
exclusively.

succedents.? For simplicity, we call both calculi single-succedent. Beyond their
succedents, these calculi differ on their rule for diamond on the left: the rule (OL)
of G4CK is replaced by the rule (¢L’) in G4AWK. Note that & ~1A is non-empty
only if A = {¢d}. As shown below, (¢L’) is crucial to prove N.

— (1L)
1= ,
Ol =1 (<(>£>1){)

= 0L — L

We write ks I' = A when I' = A is provable in S, with S € {G4CK, G4AWK}.
G4CK and G4AWK are connected to multiple calculi in the literature. First,
they extend with rules for modalities the strongly terminating calculus G4ip
for IL, which has been invented many times [23,35,51]. Second, they are exten-
sions of Iemhoff’s single-succedent calculus for iK [37] with rules for <. Third, our

2 In Rocq, instead of using multisets restricted by a cardinality of at most 1, which is
cumbersome, we used the option type (W ).
This type takes another type as argument, in our case the type of formulas, and
has two constructor: None, simulating @, and Some (), simulating {¢}.


https://rocq-prover.org/doc/V9.1.0/corelib/Corelib.Init.Datatypes.html#option
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calculi are single-succedent versions of Dalmonte, Grellois and Olivetti’s multi-
succedent calculi for CK and WK (which they call CCDL) [18]. As suggested by
these last authors, the adaptation of their calculi to a single-succedent setting is
straightforward. The only noteworthy element in this transformation is the use
of the single rule (¢L’) in G4WK for the treatment of ¢ on the left, in contrast
with their counterpart multi-succedent calculus which has two.

3.1 Termination, Cut Admissibility and Equivalence

In this section we prove of both our calculi that they strongly terminate, elimi-
nate cut, and are equivalent to their corresponding axiomatic system.

First, we prove that G4CK and G4WK strongly terminate. We say that a cal-
culus strongly terminates if the process of naive backward proof-search, i.e. freely
and iteratively applying rules backward on a sequent, necessarily comes to a halt.
To show strong termination, it is sufficient to provide a well-founded ordering
on sequents which decreases upwards in any application of any rule of our cal-
culi. To define such an order we exploit the Dershowitz-Manna order on finite
multisets [22]: a finite multiset A of elements of type T is smaller than another
finite multiset B of T-elements if A is obtained from B by replacing T-elements
from B by finitely many T-elements which are strictly smaller according to a
well-founded order over T.

Definition 2 (Sequent ordering # ,;# ). We define the well-founded order
=<t on formulas using their weight: ¢ < ¥ whenever w(yp) < w(y). We generate
the well-founded Dershowitz-Manna order on multisets <, using <. Finally,
we write I' = A < II = X whenever ' WA <, [IWX.

Note that a G4AWK sequent I" = with an empty succedent is compared in the
order over sequents via the multiset I'w() = I". A quick inspection of the rules of
our calculi shows that any premise of a rule is smaller in < than its conclusion.

Proposition 1. The calculi GACK and GAWK strongly terminate.
This directly establishes the decidability of provability in G4CK and G4WK.
Proposition 2 (# [#® ). Provability in G4CK and GAWK is decidable.

In Theorem 2, at the end of this section, we prove that our calculi capture
CK and WK, respectively. In this light, the proposition above constitutes a con-
structive and mechanised proof of decidability for these logics. Such proofs for
the two logics were already given by Dalmonte et al. [18], constructively but
not mechanised, and for CK in particular by Mendler and de Paiva [41], though
neither constructive nor mechanised.

Second, we aim at proving cut elimination for both calculi, building on proofs
of cut admissibility via local proof transformations. To get there, we need to
follow a path, first established by Dyckhoff and Negri [24], paved by a succession
of technical lemmas, and leading to the admissibility of contraction. We omit
the majority of these intermediate lemmas, referring to our mechanisation and
Dyckhoff and Negri’s work [24], except for the admissibility of some useful rules.


https://ianshil.github.io/CK/Sequent.G4CK.CKOrder.html#pointed_env_order
https://ianshil.github.io/CK/Sequent.G4WK.WKOrder.html#pointed_env_order
https://ianshil.github.io/CK/Sequent.G4CK.CKDecisionProcedure.html#Provable_dec
https://ianshil.github.io/CK/Sequent.G4WK.WKDecisionProcedure.html#Provable_dec
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Lemmal (# &, & F  H# ). The following rules are admissible in
G4CK and G4WK.

I'se Y, = A
F7<p:>g0(ld) e —9v=A (

I'= A (wh)

I il= A —I)

Next, we state the admissibility of contraction.

Proposition 3 (& ;# ). The contraction rule is admissible in GACK and

G4WK.
L= A

Tv=A (entr)

We leverage contraction to prove the admissibility of the cut rule. Our proof
goes by primary induction on the weight of the cut formula and secondary (well-
founded) induction on <, a standard method for terminating calculi [32,33,46,
47].

Theorem 1 (® ). The additive cut rule is admissible in GACK and G4AWK.

I'se pI'=A
I'=A

(cut)

As this theorem is proved syntactically via local proof transformations, it
entails that both calculi eliminate cut: any proof in the calculus augmented
with the cut rule can be transformed into a proof without instances of cut.

Third, and finally, we show that G4CK and GAWK capture exactly the logics
CK and WK. For this, we exploit both the decidability of the sequent calculi and
the admissibility of cut.

Theorem 2 (R & | & ). The following equivalences hold.

Feack ' = A if and only if I Fck A
FG4WK I'= A Zf and only Zf I FWK A

Proof We focus on GAWK, as the equivalence for G4CK is treated similarly. Note
that we abused notation: A in I Fywk A denotes the formula ¢ if the succedent
A={p}, and Lif A=0.

For the left to right direction it suffices to show all rules of G4AWK are admis-
sible in WK.


https://ianshil.github.io/CK/Sequent.G4CK.CKSequentProps.html#generalised_weakeningR
https://ianshil.github.io/CK/Sequent.G4WK.WKSequentProps.html#generalised_weakeningR
https://ianshil.github.io/CK/Sequent.G4CK.CKSequentProps.html#generalised_axiom
https://ianshil.github.io/CK/Sequent.G4WK.WKSequentProps.html#generalised_axiom
https://ianshil.github.io/CK/Sequent.G4CK.CKSequentProps.html#weak_ImpL
https://ianshil.github.io/CK/Sequent.G4WK.WKSequentProps.html#weak_ImpL
https://ianshil.github.io/CK/Sequent.G4CK.CKSequentProps.html#contraction
https://ianshil.github.io/CK/Sequent.G4WK.WKSequentProps.html#contraction
https://ianshil.github.io/CK/Sequent.G4CK.CKCut.html#additive_cut
https://ianshil.github.io/CK/Sequent.G4WK.WKCut.html#additive_cut
https://ianshil.github.io/CK/Sequent.G4CK.CKSoundComplete.html#G4CK_sound_CKH
https://ianshil.github.io/CK/Sequent.G4CK.CKSoundComplete.html#G4CK_compl_CKH
https://ianshil.github.io/CK/Sequent.G4WK.WKSoundComplete.html#G4WK_sound_WKH
https://ianshil.github.io/CK/Sequent.G4WK.WKSoundComplete.html#G4WK_compl_WKH
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For the right to left direction, the pen-and-paper proof boils down to showing all
axioms provable and all rules of the axiomatic system admissible in GAWK. The
admissibility of cut crucially helps in the case of (MP). In the mechanisation,
we encounter the following obstacle. We are trying to prove that Fgawk I' = A,
a statement we mechanised in Rocq in the type Type, which requires the con-
struction of an explicit proof. As an assumption we have I' Fwk 4, a statement
in the type Prop, which promises the opaque ezistence of a proof without giving
an explicit one. We are then in a dead end: we cannot build an explicit proof for
Feawk I = A by relying on the opaque one of I' Fwk A. To circumvent this
difficulty we exploit the decidability of GAWK: if the decision procedure outputs
Feawk I' = A then we are done, else we show that the output Heawk I' = A
and our assumption I" Fwk A leads to a contradiction (which does not require
the construction of an explicit proof). |

4 Uniform Interpolation

We start this section by introducing general definitions and facts about uniform
interpolation.

Definition 3. A modal logic L over the language L has the uniform interpola-
tion property if, for every L-formula ¢ and variable p, there exist L-formulas,
denoted by Vpp and Ipy, satisfying the following three properties:

1. p-freeness: Vars(Ipp) C Vars(¢) \ {p} and Vars (¥pp) C Vars(e) \ {p},
2. implication: Fr ¢ = dpp and Fp Vpe — ¢, and
3. uniformity: for each formula b with p ¢ Vars(v):

Fr o — & implies Fp Ipp — 1,
Fr v — & implies 1 1 — Vpep.

Formula 3pp is called the uniform post-interpolant of ¢ w.r.t. p and Vpy the
uniform pre-interpolant of ¢ w.r.t. p.

The notation of dpy and Vpy is suggestive: the formulas do not really con-
tain quantifiers, but they are defined over the modal language £. This notation
is justified by Pitts’ result stating that uniform interpolants provide an interpre-
tation for propositional quantifiers of second order intuitionistic logic into the
propositional language [43].

Remark 1. Tt is interesting to mention that both in classical and intuitionistic
based (modal) logics, the formulas Vp(¢ — ) and Ip(¢) — Vp(p — ) are
equivalent. This was shown in [26, Lemma 1] for modal logics based on O. Since
the proof only relies on intuitionistic propositional reasoning, the same result
holds in the intuitionistic modal setting with O and <. So in case uniform inter-
polants exist for CK (which we will show in this paper), we have Fck Vp(¢ — ¥)
if and only if Fcx Ip() — Vp(p — 1). The analogous result holds for WK.
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Remark 2. In a classical setting, Vpp and dpy are dual to each other, but that
is not true when working in an intuitionistic logic like CK. However, note that
it is possible to define formulas of the form Jdpy in terms of ¥V and — as follows
using an extra propositional variable ¢ not free in ¢:

Ipp = Vq(Vp(e — q) = q).

This is a folklore result when the quantifiers denote the quantifiers in second
order intuitionistic propositional logic (see [43]). Here we write the quanti-
fiers to denote uniform interpolants for which the equivalence also holds ( [31],
Remark 2.2.7). This means that from a method constructing all formulas of
the form Vpyp, one gets a definition of dpyp. However, the known proof-theoretic
method [43] for IL constructs Vpy and Ipyp via a mutual recursion.

We provide a proof-theoretic construction to prove the uniform interpola-
tion property. In light of Remark 2 we use a sequent-style definition of uniform
interpolation in which pre- and post-uniform interpolants are constructed simul-
taneously.

Definition 4. A set of provable single-succedent sequents, denoted \, has the
uniform interpolation property if, for any single-succedent sequent I' = A and
variable p, there exist modal formulas E,(I") and A,(I'" = A) such that the
following three properties hold:

1. p-freeness:
() Vars (£,(1)) € Vars (1) {p), and
(b) Vars(A (I'= A)) C Vars(I, A)\ {p};
2. implication:
(a) FI'=E,(I), and
(b)) FIA(I = A) = A;
3. uniformity: for any finite multiset of formulas II such that p ¢ Vars(II), if
it holds that & II,I" = A, then it also holds that:
(a) FILLE,(I') = Aifp ¢ Vars(4), and
(b) F ILE,(I) = A(I' = A).

We say that a sequent calculus S has the uniform interpolation property if ks
has the uniform interpolation property.

Note that in the above definition, we have |A| = 1 for G4CK and |A|] < 1
for G4WK. In the latter case, Definition 4 is equivalent to the uniform interpolant
properties from [38]. We have the following well-known fact.

Lemma 2. Suppose sequent calculus S is sound and complete with respect to
logic L. If S has the uniform interpolation property, then L has the uniform
interpolation property.

Proof. The proof is well-known and can be found in [14,43]. The essence is to
define Ipy := E,(¢) and Vpp := A,( = ¢). [ ]
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4.1 Uniform Interpolation for CK

To prove the uniform interpolation property for CK, we use the sequent calculus
GACK to construct E,(I") and A,(s) for any multiset I" and any sequent s. Our
construction adapts the one for iK [38] by adding extra cases for the <.

Definition 5. We define sets E,(I') (& & # ) and A,(s) (& & & &)
based on a mutual recursion on the ordering < according to the rows in Fig. 3.

We define (R ):

E, () := /\SP(F) and A,(s) := \/.Ap(s).
Theorem 3. The algorithm defining E,(I") and A,(I" = ¢) is terminating.

Proof. E,(I") and A,(I" = ¢) are defined by mutual induction on the order-
ing < where for A,(I" = ¢) we look at the multiset I', ¢. Each recursive call in
Fig. 3 reduces in that ordering. Moreover, for each multiset I" there are finitely
many matches of rows (ESKO)—(EZEKB), and similarly so for sequent I" = ¢ and
rows (ASK1’)-(ASK19). This means that A,(I" = ¢) and &,(I") are finite sets of
formulas. So, the constructions of E,(I") and A,(I" = ¢) are terminating. |

Let us explain the construction of Fig. 3. Rows (ESK0), (ES¥1’), (ESK4’) and
(AgKl’), (AgK4’), (ASKQ) take care of boolean constants and variables other than
p, which can be smartly taken out of the recursive call since these are atomic
p-free formulas. Rows (ESK1”), (ESK4”) and rows (AS®1”), (ASK4”) are not nec-
essary for the construction, as L is a neutral element for E,(-) and T is a neutral
element for A,(-), but are required in Rocq to ensure the functionality of E,(-)
and Ap(-) by making them defined on all inputs.

Rows (ESK2), (ES¥3), (ES¥5/)-(ESK®'), (ESK10), (ESK12) and (ASK2), (ASK3),
(ASK5")-(ASKS’), (ASK11)-(ASK17) correspond to what we call a full application
of a calculus rule where the middle column presents the conclusion of the rule
and the right column uses the premise of that rule in the recursive call.

Rows (EZC7K9)7 (EgKll), (EgKl?)), (A2K18) and (AIC)K19) correspond to what we
call partial applications of a rule from the calculus. When considering the unifor-
mity property of uniform interpolation in Definition 4, a rule application might
be possible due to extra formulas in the p-free context IT outside the reach of the
interpolant construction meaning that these rows in the table partially match
the form of rule from the calculus. For example, row (EgKll) is used in case
there is a formula ¢47 — d5 in the hidden p-free context that would together
with &6 € I' make an application of the rule (¢ —L) possible. Row (ESK9) is
used for partial applications of (OR) and (OL).

We will use the following simple facts.

Lemma 3.

1. Let I' be a multiset such that E,(I") # 0. For any x € E(I"), multiset IT and
formula 2 Zf l7(34(]‘( H7X = ©, then FG4CK Ha EP(F) = Q. (a aa aa )


https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#e_rule
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#e_rule_9
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#e_rule_12
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#a_rule_env
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#a_rule_env_form16
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#a_rule_env17
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#a_rule_form
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#EA
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#E_left
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#E9_left
https://ianshil.github.io/CK/Sequent.G4CK.CKPropQuantifiers.html#E12_left

Uniform Interpolation with Constructive Diamond

I" matches &o(I') contains
(ESK0) | IV, L 1
(ESK1) | I',q q
(ECKIH) F/ p T
P ’
(E°2) | I",4 Ao Ep(I", 41, 2)
(ESK3) | I 1 Vo Ep(I",91) V Ep(I”,1b2)
(ESK4y | I',q— o withqg¢ I q— Ex(I,9)
(ESK4"y | I',p — o withp ¢ I” T
(E5K5/) F/7T7T - T/} EP(Flvrv 71/})
(ESK6) | I,(01Ad2) — 03 E,(I",81 = (62 — 683))
(ESK7) F/, (61 \Y (52) — 03 EP(F/,51 — 03,02 — 63)
Ep(I", 82 — 03,6 Ap(I", 62 — 83,61 = 0
(ESK8) | I, (01 — d2) — 03 [Ep(I,02 = 03,01) — Ap(I", 02 — 1E1 Z“’ 26)])
P » 03
(ESK9) | T'#£0 OE,(07'1)
(ESK10) | I',0081 — 62 O[Ex(07T) = Ay(O0 7 = 61)] = Ep(I7, 82)
(ESK11) | I, 06 OE, (O, 6)
E, (07T, 63) — Ap(O0™ T, 65 = 61)]
ESK12) | I7, 083, 001 — & OlE, : ? :
(B5712) | 17,085,001 = b S Ep(I, 0683, 82)
(ESK13) | I, 06, — 62 O[E, (@) — A (O = 61)] = Ep(I7,62)
s matches Ap(s) contains
(AS*1) | Tg=¢ 1
(ASK1") | I'p= ¢ with p #p 1
(ASK2) | L A= Ap(L, 11, 42 = )
(A§K3) Topy Vo = [EP(F7 wl) - AP(F7 1 = 90)]/\
[Ep(Iyah2) = Ap(I b2 = )]
(A4) | Ig—y=pwithq¢ I | gAA(L¢% = o)
(ASK4")| Ip— ¢ = pwithpg I 1
(A5 | Tmr—y =0 Ap(T, 7,1 = ¢)
(AIC)K(S) F, (61 A 52) — 03 = [ AP(F7 o1 — (52 — 53) = (p)
(ASKT) | I(61V &) =65 = ¢ Ap(I, 61 — 83,02 — 63 = )
E (F,52 — 53,51) — A (F52 *}53 (51 ﬁ(;z)]
ASKg’ T, (6 — 82) — 03 = (B P ’
A I A AL 8 = )
(A9 | T'=q q
(A:C:Klo) I'p=p T
(A1) | T'= o1 A2 Ap(I" = 1) NA(I = 2)
(AS12) | T'= o1V 2 Ap(I" = 1) V Ap(I" = 2)
(ASK13) | I'= o1 — @2 Ep(Ih 1) = Ap(I 1 = ¢2)
(AS*14) | T'= o6 0(Ep(07 1) = A (07T = §))
(AS®15) | IOd1 — 62 = ¢ OE,(O07'T) = Ap(O7' I = 61)] A AT, 52 = )
(ASK16) | T',0d81 = 062 O(Ep(07'T,61) — Ap(071T, 61 = 62))
E,(O7'1,83) — Ay(07' 83 = 61)]
AK1T) | T, 003,061 — 6 = Pl (7L e
(ALT) | 1005, 001 =62 = ¢ AA(I, 683,82 = )
(ASK18) | I'= 06 O(Ep(O7IT) = Ay(07 T = §))
(ASK19) | I',0d1 — 62 = ¢ OEL,(O™I) = Ay(O™' T = 61)] A AT, 52 = )

367

Fig. 3. Constructions of E,(I") and A,(I" = ¢) for GACK where in all clauses
q # p. The constructions are divided into three parts: rows for propositional
logic IL that are a slight modification from [43] (indicated here with " or '), rows
that cover the box modality as in [38] for box-only logic iK, and rows that cover
the diamond.
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2. Let I' = ¢ be a sequent such that Ay(I" = ) # 0. For any x € Ay(I" =
(p) and multiset 1, Zf Feack I = X then Fgack II = AP(F = (p).
(ol oI JIN o)

Proof. (1) follows from the fact that E,(I") = A &(I"). So multiple applications
of weakening and (AL) applied to II,x = ¢ gives a proof for IT,E,(I") = ¢.
For (2), observe that A,(I" = ¢) = \/ A,(I" = ), so multiple applications of
(VRq) and (VRz2) applied to II = x provide a proof for IT = A,(I" = ¢). [ ]

Lemma 4 (® ). Iftcack II,0E,(07'T) = ¢, then Feack I, E,(I') = ¢.

Proof It I' = (), then O7'I" = () and so OE,(07!'I") = OT = T. In that case
Feack II, T = ¢, and so Feack II,E,(I") = ¢ by weakening. If I" # () we
know by (ESK9) that DE,(07'I") € &(I"). So by Lemma 3 we conclude that
FGack 11, EP(F) = Q. |

We now present the main theorem of this section. Due to space restrictions
we highlight some of the important steps of the proof below.

Theorem 4. Sequent calculus GACK has the uniform interpolation property.

Proof. We take the construction of A,(-) and E,(-) from Definition 5. We have
to show all properties from Definition 4. The p-freeness property follows easily
by examining the construction of A,(-) and E,(-) (% ).

The implication properties (2a) and (2b) are simultaneously proved by the
multiset ordering < on I, ¢, i.e., we prove (2a) Fgack I’ = E,(I'), and (2b)
Feack I, AL(I" = ¢) = ¢. The implementation (¥ ) is an elegant extension
of the existing implementation for IL [27]. For (2a), we have E,(I") := A & (D)
given in Fig. 3, so it is sufficient to prove every conjunct in £,(I"). Let us here
treat two cases for <.

Case (EgKg):
In this case I' # (), which means that O~'I" < I', so the induction hypothe-
sis (IH) applies:
(TH)
0~ 'I"'= E,(0™'D)

I'= 0E,(o™'I)

(OR)

Case (E5*13):
Let us write y := E,(07'I"") — A,(0~'I" = §1). We have the following deriva-
tion in which we use the rules (—L) and (wk) shown admissible in Lemma 1.

(TH) (IH) (TH)
o' I"=E,(07Y) o U A0 =6)= 6 I",65 = E, (I, 5
- i ;( : CY s : pé (F'QZH )
o' x = , 02, 0x = E,(I7,
X 1 2, OX P 2 (0—L)

F,7 061 — (52,0){ = Ep(F',§2)
F/, 051 — 52 = OX — Ep(l—‘/,(sz)

(—=R)
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For (2b) we prove that Feack I, Ap,(I" = ¢) = . We have A,(I" = ¢) =
V Ap(I" = ¢) given in Fig. 3, so it is sufficient to prove every disjunct in A,(I" =
) placed on the left of the sequent. As an example, we treat the following case.

Case (ASK19):

Let us write x := E,(07'I") — A,(07'I” = §;). Note that in the following
derivation, O7'A,(I", 2 = ) represents a formula when A, (I, = ¢) is a
boxed formula and ) when A, (I, 02 = ¢) is not a boxed formula. In both cases,
our weakening rule from Lemma 1 works.

(TH) (TH)
-1 -1 -1 -1
o 'Y= E(07Y) oMU A0 = 6) = 0 (51 ()
o'y =6 (wk) I, 69, A (17,00 = ) = ¢ (wk)
O x0T ALY, 0y = ) = 6 T',02, Ox, Ap(I7, 82 = @) = ¢

(0—L)

I, 081 = 02, Ox, Ap(I7, 02 = ) = ¢

(AL)
I, 081 = 02, OX ANAL (I, 02 = ) = ¢

Now we turn to the uniformity property of uniform interpolation (# ). Let IT
be a finite multiset such that p ¢ Vars (II) and suppose teack II,I" = ¢ by
proof 7. By induction on II,I" = ¢ via < we simultaneously prove that (3a)
FITLLE,(I') = ¢ if p ¢ Vars(p) and (3b) Fgack II,E,(I') = Ay(I' = ¢). In
the sequel we use primes to denote that a formula is p-free, so for (3a) we write
p = ¢. We look at the last rule applied in proof 7. Here we only discuss the
rule (OL).
Case (OL):
Subcase: The principal formula is in p-free I1, i.e., IT = Iy, O8f.

(a) The conclusion of the rule is of the form Iy, 041, " = Oy with p-free
formula ¢f. By induction we have Fgack O ', 81, E,(07') = ). We
obtain the desired result with the following derivation:

(1H)
O I, 61, Ep(01) = »f

OL)
Iy, &6, 0E,(07T) = o)

Lemma 4

Iy, &01, Ep () = Ol

(b) The conclusion of the rule is of the form 1y, ©¢d07, " = ©¢. By induction, we
get Fgack O 1y, 6], Ep([]*ll“) = Ap([]’ll“ = ). We have the following;:

(TH)
0o, 85, Ep(D7 ) = Ap(07 T = o)
—R)
0 ', 8] = Ep(07') — A (07T = o) L)
&

Iy, 061 = O[E, (O — A (07T = o)
Iy, 081, Ep(I) = O[Ex (07T — Ay(07 ' = )]

(
(ASK18), Lemma 3

1o, 001, Ep(I') = Ap(I" = Op)

Subcase: The principal formula is in I'; i.e., I' = [, & d1.
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(a) This case proceeds in a similar way as the previous subcase (a), where now,
instead of Lemma 4 we use Lemma 3 with (ESK11).

(b) This case proceeds in a similar way as the previous subcase (b), where,
instead of (AZC,K18) we use (ASK16) and rule (OR) instead of (OL).

We have checked the properties of p-freeness, implication, and uniformity for
sequent calculus G4CK, concluding that G4CK has uniform interpolation. |

Corollary 1 (#® ). Logic CK has the uniform interpolation property.

4.2 TUniform Interpolation for WK

The construction of uniform interpolants for WK only requires two modifica-
tions compared to the construction of uniform interpolants for CK in Fig. 3,
because the two calculi G4CK and G4WK only differ in two aspects. First,
since sequents I' = A in G4AWK obey |A| < 1 instead of |A| = 1, we should
read any row in Fig.3 that matches a sequent s with ¢ in the succedent, as
having A in the succedent with |A| < 1. So we replace all occurrences of
¢ (without a subscript) in Fig.3 with A. To be precise, this applies to rows
(ASK1')-(ASKS), (ASK15), (ASK1T7), and (ASK19).

Second, the main difference between the calculi GACK and G4WK lies in the
left rule for & which in G4AWK has the form:

O o= 0o"1tA
INop=A

(L)

That is why we modify row (AgK16) from Fig. 3 to the following row (¥ ):

L(AYK16)| Dod=A | O(E(07'16) 5 A@T = 071A) |

Now, E,(I") and A,(s) with respect to GAWK are defined as in Definition 5
with the modified table as described above. The analogues of Theorem 3 and
Lemmas 3 and 4 hold for GAWK by the same proofs.

Theorem 5. Sequent calculus GAWK has the uniform interpolation property.

Proof. (#® #® ) Compared to the proof of uniform interpolation for G4CK
(Theorem 4), a few modifications are needed, mostly in those places where
(/—\gKlfi) plays a role. The proof of the implication property (2a) does not change,
and for (2b) the case for (A)€16) works via the same proof as for (AgKlﬁ) in
Theorem 4, where we replace each occurrence of &d; by A and each d, by 01 A.
For the uniformity property, we check the case for (¢L’) which comes with two
subcases. They show similarities to the proof for (¢L) of Theorem 4:

Case (OL):

Subcase: The principal formula is in the p-free context IT, i.e., II = Iy, &8
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(a) The conclusion of the rule is of the form 1y, ©¢', I = A’ where A’ is p-free.
By induction we have Fgawk O~ 'y, d',E,(07'") = &1 A’. We have:

(1H)
O Iy, 8 Ey(0 D) = oA
(oL)
Iy, o8, 0E, (07! = A
Lemma 4

o, 06 E, (I') = A

(b) The conclusion of the rule is of the form Iy, &', I" = A. We now consider
two possibilities: A = {O1} for some 9 or not. If not, then ¢ 1A = ) and
A,(I' = A) is not a O-formula by inspection of its construction. This means
that we can reason as follows:

(1H)
o', 8 Ep(0™ ') =
- (oL)
Iy, 08", OE,(07') = Ay (I = A)
Lemma 4

I, 08" Ep(I') = Ap(I' = A)

If A = {9}, then the same derivation applies as case (b) for (¢L) in the
proof of Theorem 4.

Subcase: The principal formula is in I, i.e., I" = Iy, <©d1. This subcase is anal-
ogous to the previous subcase where instead of Lemma 4 we use Lemma 3 with
(EXVKll) and instead of using (/—\XVK18) we apply (AZVK16). ]

Corollary 2 (# ). Logic WK has the uniform interpolation property.

5 Conclusion

We have established the uniform interpolation property for constructive modal
logics CK and WK, the first positive result of this kind among intuitionistic modal
logics with independent O and ¢. Our proof is constructive where we extend
Pitts’ proof technique to constructive <& by exploiting terminating sequent calculi
for CK and WK. Our results have been formalised in Rocq which could contribute
to the uniform interpolation calculator available in [26,27].

Our construction aims at showing that uniform interpolants can be con-
structed. Our approach is based on Pitts’ naive construction, which can be sim-
plified and optimised, as shown for the case of IL in [28]. Such simplifications,
optimisations and hence more efficient algorithms, would be welcome in modal
logics. A recent overview on complexity bounds on (uniform) interpolants in
classical modal logics is provided in [17].

Another interesting direction for future research is to study the definability of
so-called bisimulation quantifiers. These are interpreted over relational semantics
and closely linked to uniform interpolants [1,50]. It would be interesting to see
whether these are also definable in the birelational models of intuitionistic modal
logics. Birelational semantics have been developed for CK [41] and WK [52] and
a general study of such semantics is provided and formalised in Rocq in [34].


https://ianshil.github.io/CK/Sequent.G4WK.WKPropQuantifiers.html#WK_uniform_interpolation

372 I. van der Giessen and I. Shillito

Finally, Pitts’ technique received attention in the recent field of wniversal
proof theory in which the uniform interpolation is linked to nicely behaved proof
systems by inspecting the form of inference rules. So-called negative results have
been established in the realm of intermediate logics stating that many of such
logics cannot have a semi-analytic sequent calculus [38]. Modal logics are also
treated in this context [3,4,36], but the negative results are in our opinion quite
restrictive in the modal setting because only a few O-only rules are treated and
a general format of ‘modal rule’ is not provided. We hope to provide a first step
to widen the scope of universal proof theory by studying both 0O and <.
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