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Abstract. Pitts’ proof-theoretic technique for uniform interpolation,
which generates uniform interpolants from terminating sequent calculi,
has only been applied to logics on an intuitionistic basis through single-
succedent sequent calculi. We adapt the technique to the intuitionistic
multi-succedent setting by focusing on the intuitionistic modal logic KM.
To do this, we design a novel multi-succedent sequent calculus for this
logic which terminates, eliminates cut, and provides a decidability argu-
ment. Then, we adapt Pitts’ technique to our calculus to construct uni-
form interpolants for KM, while highlighting the hurdles we overcame.
Finally, by (re)proving the algebraisability of KM, we deduce the coher-
ence of the class of KM-algebras. All our results are fully mechanised
in the Rocq proof assistant, ensuring correctness and enabling effective
computation of interpolants.

Keywords: uniform interpolation - formal verification - proof theory -
intuitionistic modal logic

1 Introduction

Uniform interpolation is a mighty form of interpolation, ensuring for any formula
o and variable p the existence of left and right uniform interpolants, respectively
denoted Vpy and dpy. Intuitively, Vpy is the strongest formula without p that
implies ¢, and Jpyp the weakest p-free formula that is implied by . Technically,
these interpolants satisfy the following, where 1 is a p-free formula:

FYy—op Fo—1
T o F o — dpp T
F ¢ — Vpp F3pp — ¢

Uniform interpolants are propositional formulas, but their notation is sug-
gestive: they provide an interpretation of propositional quantifiers inside the
logic.

Because of its strength, uniform interpolation is a notoriously difficult prop-
erty to prove. Still, a variety of proof techniques are presented in the literature:
model-theoretic [55], universal-algebraic [27,34,41], and proof-theoretic [49]. The
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latter kind of technique, developed in 1992 for intuitionistic logic IPC by Pitts,
requires a terminating sequent calculus: a calculus whose naive backward proof
search, i.e. the process of repetitively applying backward rules of the calculus in
no specific order, necessarily comes to a halt. The proof search tree of a sequent
in a terminating calculus is finite, and hence becomes data from which uniform
interpolants are computed via mutual recursion.

In his proof, Pitts used the single-succedent terminating calculus G4iP for
IPC, which was invented several times through the decades by Vorob’ev [56],
Dyckhoff [19] and Hudelmaier [38]. By exploiting the existence of such calculi,
which extend G4iP through Iemhoff’s methodology [40], Pitts’ original technique
was recently applied to a variety of intuitionistic modal logics [28,39], including
the intuitionistic provability logic iSL [21] for which a single-succedent terminat-
ing calculus G4iSLt was defined [51]. In parallel, Bilkovd ported the technique
to multi-succedent calculi for classical modal logics K, T and provability logic
GL [2]. The shift to a classical basis allowed for technical simplifications, e.g. the
recursive definition stops being mutual: it focuses on the left uniform interpolant
without needing the right one. Following her footsteps, van der Giessen, Jalali
and Kuznets extended her approach to additional classical modal logics using
multi-succedent but richer, i.e. nested or labelled, sequents [31-33]. As it stands,
the applicability of Pitts’ technique to multi-succedent calculi for logics on an
intuttionistic basis remains unclear.

By scanning the literature, one easily finds logics with an intuitionistic
basis requiring multi-succedent calculi. Most famous is the Goédel-Dummett
logic LC [17], an intermediate logic extending IPC with the linearity axiom
(¢ — )V (b — ). This logic is given a crucially multi-succedent terminating
calculus in Dyckhoff’s work [18]. While uniform interpolation is known for LC,
as it is locally finite and has Craig interpolation [26,46], it could at least serve
as a good example for methodological purposes. Of yet better interest is the
intuitionistic modal logic KM [47], which extends iSL [29] (and hence iK [5] and
IPC) with the Kuznetsov-Muravitsky axiom Op — (1 V (¢p — ¢)). This logic pos-
sesses several multi-succedent caleuli [8,11], and lacks a (dis)proof for uniform
interpolation [42]. From a mathematical viewpoint, the interest in KM lies in its
deep ties to GL and IPC: its lattice of extensions is isomorphic to the lattice of
extensions of GL, and its extension with any non-modal axiom is conservative
over the extension of IPC with the same axiom. Additionally, KM received some
attention in computer science [8] in light of its connection to Nakano’s “later”
modality [48], capturing the notion of guarded recursion [9]. Given its proximity
to iSL and the recent application of Pitts’ technique to the latter logic [21], KM
presents itself as a natural candidate for an investigation on the applicability of
this technique to a combination of multi-succedent sequents and intuitionism.

Unfortunately, existing calculi for KM are not adequate for this investigation:
the first sequent calculi for KM given by Darjania [11] clearly do not terminate,
while Clouston and Goré’s calculus [8, Section 4] has complex rules and uses an
alternative syntax for KM. So, we provide in Sect. 3 a novel multi-succedent ter-
minating calculus for KM. Our calculus G4KM can be obtained from G4iSLt in
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two steps: first, port G4iSLt to a multi-succedent setting, making it an extension
of the terminating multi-succedent calculus G4iP’ for IPC [20, Section 7]; sec-
ond, modify the implication right rule, following (Kripke) semantic intuitions,
to capture the characteristic axiom of KM. We show that naive backward proof
search in G4KM terminates, which, together with cut elimination, provides a
decidability procedure for KM. Our syntactic proof of cut elimination uses the
termination measure as induction measure, a now standard methodology for
provability logics [35,36,51], but requires a non-trivial refactoring of Dyckhoff
and Negri’s argument for the admissibility of contraction [20].

To obtain uniform interpolation for KM using G4KM, it remains to adapt
Pitts’ technique to multi-succedent sequents. This step mainly consists of a care-
ful rephrasing of the uniform interpolation property for sequents from single- to
multi-succedent. This boils down to restricting enough the properties pertaining
to the left uniform interpolant Vpp to avoid the capture of the constant domain
propositional quantifier, satisfying the axiom Vp(¢(p) V ©) — (Veo(p) V ¢) when
1 is p-free. With this subtlety in mind, we use the adapted technique to prove
uniform interpolation for KM in Sect. 4. We expect this adaptation to be reusable
at least for LC and KMy;,, [8], the combination of KM and LC.

We directly put our novel result to work in Sect.5 and infer from it the
coherence of a class of algebras corresponding to KM, a consequence of uniform
interpolation, the algebraisability of KM [47], and a bridge theorem [41] from
abstract algebraic logic [23].

Our work fits in the fast-growing literature on the mechanisation of proof the-
ory [7,12,13,43], modal logic [1,14,15,24,35,45,57], intuitionistic modal logic
[37,53] and its proof theory [3,4,21,36,51]. Indeed, all our results - spanning
axiomatic calculus, Kripke and algebraic semantics, algebraisability, sequent cal-
culus, decidability, admissibility of cut, uniform interpolation - are formalised in
the interactive theorem prover Rocq [52]: https://github.com/ianshil/KM. On
top of ensuring the correctness of these results, the mechanisation allows for the
extraction of executable programs, e.g. for effectively computing interpolants.
Throughout this paper, definitions and results are accompanied by a clickable
symbol # leading to an online-readable version of their Rocq implementa-
tions and proofs.

2 Preliminaries

We introduce the syntax, axiomatic system, and Kripke semantics of KM.

2.1 Syntax

Let Prop = {p,q,7 ...} be a countably infinite set of propositional variables on
which equality is decidable. Modal formulas (#) are defined as below:

pu=peProp| L|pAp|loVel|le—¢|Op
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K O(p = ¢) = (Op — 0Y) I'Fo
SL (Op —¢) = ro (Nec)
KM Op— (¥ V(¥ = ) v
® is an instance of an axiom el ' I'bp—y
(Ax) (E1) (MP)
'k 'y 'y

Fig. 1. Generalised Hilbert calculus KMH for KM ( #®).

We use the greek letters o, 1, x, 0, ... for formulas and I, A, X IT ... for finite
multisets of formulas. We say that ¢ is a bozxed formula if O is its main con-
nective. We write Vars (¢) to denote the set of all propositional variables occur-
ring as subformulas in the formula ¢, and define Vars (I") := {¢ € Prop | ¢ €
Vars (¢) for some ¢ € I'}. The disjoint sum of I and A will be denoted by I, A.
Single formulas ¢ will also often be coerced implicitly to the multiset singleton
{¢}. For a multiset I", we define the multiset OI" := {0y : ¢ € I'}. By 0 'I" we
mean the multiset {y € I' | 7 is not a boxed formula} U {y | Oy € I'} (™). We
write \/ I for the disjunction of all the elements in I" (#), where I" is a finite
multiset.

2.2 Axiomatic System

We introduce an axiomatic system manipulating consecutions, i.e. expressions
of the form I' F ¢ where I' is a set of formulas.

The generalised Hilbert calculus KMH for KM extends the one for intuition-
istic logic IPC with the modal axioms and rules displayed in Fig. 1. It notably
extends the intuitionistic modal logic iSL [51], itself an extension of iGL [30], with
the Kuznetsov-Muravitsky axiom Op — (¢ V (¢ — ¢)), and therefore proves
some notable axioms:

(4) Op — OOy (GL) D(Dp — ¢) — Dy (CP) ¢ — Op

The strength of the Completeness Principle (CP) allows us to replace the
(Nec) Tule with its variant where the premise is () - ¢, and obtain an equivalent
logic (™). We write I" Fxmu ¢ if I' - ¢ is provable in KMH.

2.3 Kripke Semantics

We now present the Kripke semantics for KM [47] which we use to provide
intuitions for the rules of our sequent calculus.

The Kripke semantics of KM restricts the one for iSL on the class of models:
the class of models for KM is strictly contained in the one for iSL. The models
for KM are defined below, where P(W) :={U |U C W}.

Definition 1 (). A model M is a tuple (W, <, R, I) satisfying the following:
(W, <) is a preordered set; R is equal to the irreflexive part of <, noted <,


https://ianshil.github.io/KM/KM.GHC.KMH.html
https://ianshil.github.io/KM/KM.Sequent.Environments.html#open_box
https://ianshil.github.io/KM/KM.GHC.properties.html#list_disj
https://ianshil.github.io/KM/KM.GHC.same_calcs.html#gKMH_id_KMH
https://ianshil.github.io/KM/KM.Kripke.kripke_sem.html#model
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i.e. R =<; R is converse well-founded; and I : Prop — P(W) is a persistent
interpretation function such that

Yo, we W.¥p € Prop. (w <v — wel(lp) — vel(p)

Although the models of iSL require that R C <, a stricter condition is imposed
for KM by enforcing the equality between R and <, thereby making R and <
interdefinable. In other words, whenever we travel along the modal relation we
know that we effectively perform a jump to a strict intuitionistic successor.

Definition 2 (). Given a model M = (W,<,R,I), we define the forcing

relation M, w IF ¢ between a world w € W and a formula ¢ as follows:

M, wlFp = w e I(p)

M,w - L := Never

MwlFpAy = Mwlke and Mywl-y

MwlFpVy = Miwlke or Mjwlky

Miwlkp —1 = foralv>w, M,vlk @ implies M,v I
M, w - Op = for all v, wRv implies M, v IF ¢

We abbreviate the negation of M,w Ik ¢ by M,w lf ¢, and write M,w Ik I’
for¥yp e I M,w Ik p. We define the local consequence ( ™) as follows:

I'kEe iff YMNw. (M,w - T implies M,w I+ @)

As expected, the Kripke semantics for intuitionistic logic, i.e. persistence, is
preserved in our semantics for KM.

Lemma 1 (Persistence #). For any model M = (W, <, R, I), formula ¢
and points w,v € W, if w < v and M,w I+ ¢ then M,v I ¢.

Observation 1. A striking feature of this semantics is the ability it gives the
language to distinguish reflexive intuitionistic jumps and jumps to strict intu-
itionistic successors, an impossible feat in IPC or even in iSL. Indeed, by jump-
ing to a strict successor v of w all boxed formulas forced in it become unboxed
in v, while this unboxing is not generally performed by jumping to w itself.
Joined with persistence, this observation gives that M,w I+ I' and w < v entail
Mv O,

While this semantics will be handy to explain the rules of our calculus, it is
not tightly corresponding to the logic: KM and the local consequence coincide
on theorems (() = ¢ if and only if () Fxmn ©), but KM is not strongly complete
w.r.t. the semantics. Indeed, we have I" t/xmn po while I' |= pg, where I' is the
infinite set {Opn11 — pn | n € N} As for most provability logics, this failure
of strong completeness boils down to the tendency converse well-founded frames
have to make the local consequence non-compact, as is known for GL and iGL [54,
Section 3.3]. But for the case of KM (and iSL), the argument does not hold using
the usual infinite set {Opo} U {O(pn — Opny1) | n € N}

! We thank Mojtaba Mojtahedi for designing, and sharing with us, this set.
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3 A G4 Calculus for KM

In this section we introduce our multi-succedent sequent calculus for KM and
prove several major results for it: termination of naive backward proof search,
cut elimination, and equivalence with KMH.

o= A

ri=a"" 1 A" o
, L = P =D, oAt = A
I'= ¢, A I'=y, A I'e= A y=A I'= 9, A
(AR) (vL) (VR)
I'=s oAy, A ovy=A I'=spVvy A
He—=@—-x)=A Le—=x¢y—=x=A4 Iip,p= A
(A—L) (v—L) — (p—L)
Lieny) = x= A I(pVy)—=x=A4 Ipp—p=A
07 0p =@ o' hLopYy =9 Ly=>A
— (OR) (o—L)
I'=0p, A rap—v=A4A

Ne=vy,A o'INo=>4vy
I'=sp—=9Y, A

(=R)

I'x—=v,p=>Ax O 'I'x—=v,e=>x Lip=>A

(——L)

Npg—=x)—v=A4

Fig. 2. The sequent calculus G4AKM ( #R).

As is standard in structural proof theory, sequents are expressions of the
shape I' = A where the antecedent I' and the succedent A are multisets of
formulas. We present the calculus G4KM in Fig. 2.

The modal rules of G4AKM are straightforwardly adapted from G4iSLt [51] to
the multi-succedent context, and most non-modal rules are directly taken from
G4iP’. See in particular [51, Section 2.4] for an explanation of the rule (o—L).
Still, two essential - and interdependent - features of our calculus need com-
menting: the presence of multisets on the right-hand side of sequents, and the
surprising shape of the implication right rule. Both are targeted at proving the
axiom KM and hence the sequent Op = ¢V (¢ — p).

Without a rule for disjunction on the right preserving both disjuncts we
cannot prove this sequent: this calls for multi-succedent sequents, giving the
rule (vR) of our calculus. Such sequents can be used for IPC, as first shown
by Maehara [44], and popularised by Dragalin [16]. Furthermore, this approach
can be ported to the terminating calculus G4iP to obtain a multi-succedent
terminating calculus G4iP’ for IPC [20, Section 7]. This calculus has been used as
basis for intuitionistic modal logics (with diamond) [10], an example we follow
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for our calculus by straightforwardly adapting G4iSLt’s modal rules [51] to multi-
succedent sequents, and providing modifications to the rules (-R) and (——L).

The multi-succedent (vrR) reduces Op = ¢V (¢ — p) to Op = ¢,q — p, but
the implication right rule of G4iP’ presented below does not help prove the latter
sequent, as it forces us to delete ¢ on the right.

e=1v
I'=A4,p—19

The upward deletion of A in this rule, notably preventing the provability of
the excluded middle ¢ V =, is semantically justified as the rule, read upwards,
corresponds to a jump to an arbitrary intuitionistic successor. We could hope
for a more detailed semantic analysis in the rule, by distinguishing reflezive and
strict-successor jumps. The rule below attempts at doing just this.

o= A1y Ip=1
I'=A4,p—79

Unfortunately, this is pointless: this last rule is equivalent to the previous
one, as the left premise is provable from the right one via weakening. This issue
is nothing but an expression of the well-known inability of intuitionistic logic to
syntactically distinguish reflexive from strict-successor jumps.

In KM;, the story is different: by the semantic Observation 1, we can syntac-
tically distinguish the two. Our rule (—R) leverages this insight.

=AYy O'o=19
I'=s Ap—1

(—R)

The reflexive jump corresponds to the left premise, as we preserved A, and
the strict-successor jump corresponds to the right premise, as we obtained O~'I"
and deleted A. With the rule (-R), we can finally prove our sequent.

- (1dP) —
up,q = q,p p,q=7p
Up=4q,9q—0p

(1dP)
(—R)

The modifications made to (—R) forced us to change the rule (——1) accordingly:
the two leftmost premises of (—1L) are inspired from the premises of (—R).

We contrast our new calculus with the existing ones for KM. Darjania’s multi-
succedent calculi [11] follow a similar intuition to ours (see also [50]), splitting
the implication right into two rules. Contrarily to ours, they are not targeted at
termination as evidenced by the explicit structural rules it contains for the one,
and the repetition of principal formulas in premises for the other. Therefore,
these calculi do not fit our bill: proving uniform interpolation a la Pitts. Clous-
ton and Goré’s calculus [8, Section4] for KM terminates, but their approach is
different: instead of using the expressivity of the modality to create the case dis-
tinction in our rule (—R), they split the implication connective into a reflexive —
and a strict successor — version. The complexity of their rules and the seman-
tic nature of their cut-free completeness proof, via countermodel construction,
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pushed us to favour our calculus, for which we could provide a syntactic proof
of cut elimination.

We can now show that naive backward proof search terminates in G4AKM.
This is easily obtained by finding a well-founded ordering on sequents decreasing
on each instance of a rule from conclusion to premise. For this, we reuse the
adaptation to iSL of Dyckhoff’s notion of weight of a formula [19], and simply
adapt the ordering induced by it from G4iSLt [51] to multi-succedent sequents.

Definition 3 ( #®). The weight w(p) of a formula is the sum of its size and of
its number of conjunctions. In other words, every symbol in a formula accounts
for 1 in the weight, except for conjunctions which account for 2.

Definition 4 (Ordering on sequents ). The ordering on sequents
denoted by (I' = A) < (I'" = A') is defined as the Dershowitz—Manna multiset-
ordering between (I'y A, A) and (I, A’, A') induced by the well-founded ordering
on formulas induced by Definition 3.

Concretely, formulas from a multiset can repeatedly be replaced by finitely-
many strictly smaller formulas in order to obtain a smaller multiset. Such an
ordering is well-known to be well-founded since the ordering on formulas is. In
the following, we implicitly use this ordering when performing a well-founded
induction on a sequent.

It is easy to see that this ordering decreases between the conclusion and
each premise of each rule from Fig.2 as a formula from the conclusion is either
preserved in the premises, or replaced with several, strictly smaller formulas.

Proposition 1. For any instance of a GAKM-rule with premises s1,...,S, and
conclusion s, we have s; < s for any 1 <i <n.

Proof. An interesting case is the (A —L)-rule: it requires that w(p — (Y — x)) <
w((¢ A1) — x), which holds as a conjunction adds 2 to the weight of a formula.
Another one is the rule (orR) which may not delete any formula from the sequent
if A is empty, but moves O¢p to the left-hand-side of the sequent while keeping
a copy of ¢ on the right. This is taken into account in the ordering by counting
twice multisets on the right, so that ({O¢} = {¢}) < (0 = {Oe}). [ ]

Remark 1. The multiset-ordering may be too strong of a tool here, as each for-
mula is only replaced by at most three smaller ones, not arbitrarily many. Then
if we define the weight of a sequent I' = A as 2{3%#)|p € I', A, A}, where w(¢)
is the weight of a formula defined as above, we obtain a well-founded ordering
that is strictly contained in <, still compatible with G4AKM and that gives an
explicit upper-bound for the depth of a proof tree.

However, the more general ordering < (or at least the ordering above with
a higher constant than 3) still is useful when proving admissibility results
for G4AKM, or when defining and proving uniform interpolation.

Now, as the applicability of each rule is decidable and only finitely many
rules can be applied on a given sequent, the well-foundedness of the ordering
ensures the decidability of provability in G4KM.


https://ianshil.github.io/KM/KM.Sequent.syntax_facts.html#weight
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Proposition 2 (Decidability #). Provability in GAKM is decidable.

We are now required to prove several admissibility lemmas for G4KM. Cut,
in particular, will ensure that the calculus is complete for KM.

Before focusing on cut we have to prove the admissibility of contraction,
which has to be abandoned as a rule in G4AKM to ensure termination, as done in
G4iP and G4iSLt. In the following, we highlight differences between our calculus
G4KM and those inspired by Dyckhoff and Negri [20] mentioned earlier.

First, let us observe the invertibility of the new rules.

Proposition 3 The following rules are admissible:

I'=s vy, A I'=s -9, A
_ (\/R’l) _ (—>R’1)
I'= o9, A =1y, A

In other words, (vR) is invertible thanks to multi-succedent sequents, and
(—R) is here only partially invertible, in contrast with G4iP where it is fully
invertible.

The proofs of admissibility of contraction on the left for G4iP and G4iSLt both
follow the same pattern: prove the admissibility of left implication (—L), then
the partial invertibility of (——L) up to contraction, i.e. (——Lg,,), before finally
focusing on contraction on the left. When turning to the multi-succedent calculus
G4iP’ for IPC, Dyckhoff and Negri lightly adapt the proof: they first need to prove
the admissibility of contraction on the right (contrR) and then follow the pattern
described above, though they prove a strengthened lemma for left-implication.
Unfortunately, we cannot replicate here this succession because of a circularity
caused by the dependency of the admissibility of (contrR) on the admissibility
of contraction on the left. The root of this dependency lies in the rule (-R) for
KM: when proving the admissibility of (contrR) on I' = ¢ — ¥, p — ¥, A with
(¢ — 1 principal in the last rule applied, the duplicate is not simply weakened
from premises to conclusion, as in G4iP, but comes from the left premise I', ¢ =
1, — 1, A. To deal with this duplicate in the premise, we apply Proposition 3
to get I, p, 0 = 1,1, A, and then need to contract on both left and right. So,
contraction on the right requires contraction on the left, but also is at the start of
a succession of lemmas leading to contraction on the left. We solve this circular
dependency by proving all these lemmas in a single mutual induction, using the
well-founded ordering on sequents from Definition 4.

Proposition 4 ( #). The following rules are admissible.

I'=svy,9,A I, = A
——— (contrR) ——— (contrlL)
'y, A I'y=A
I'=sp, A Ty=A INp—=v)=>x=A4
(—=L) (=—=Lqup)
ep—y=A Lo, = x), 0 —=x)=A

Proof. The four statements are proved simultaneously by well-founded induction
on the conclusion of each rule, followed by a case analysis on the proof of the
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rightmost assumption. Here, we only sketch the cases that significantly differ
from Dyckhoff and Negri’s proofs and highlight the circular dependency between
these properties. Crucially, we start by by proving (-L), as it is used at the same
level in the case of (——Laup)-

(—L) When the last rule is (——1L), we use the induction hypothesis for (-L),
(contrL) and (——Laup)-

(contrR) The main case is for the (—R)-rule with ) = 11 — 9 as principal
formula. The sequent I" = A,; — 1) is then proved by applying
successively (—R), left contraction on 1, right contraction on 1, and
partial invertibility of (=Rr) (Proposition 3).

(——Lq4up) The main case is when the premise is proved by using the (——r) rule
on the principal formula. Immediately applying the rule (—1) we just
obtained (not the induction hypothesis!) leaves us with deriving the
sequents I'i¢, (1 — x) = A which we have by assumption ; and
I, (Y — x),x = 4, which we have by weakening on the left.

(contrL) The critical case is (——L), which uses the induction hypothesis for

(—’—’Ldup)-

With contraction under our belt, we proceed to prove the admissibility of cut
by local proof transformations, giving us cut elimination. We follow the argument
developed for terminating calculi for provability logics [35,36,51], which uses the
inductive principle extracted from the well-founded ordering on sequents.

We prove the admissibility of the following additive variant of the cut rule.
The multiplicative variant easily follows via weakening.

Proposition 5 ( ™). The additive cut rule is admissible:

I'=sA¢ TNe=A
I'= A

(Cut)

Proof. By induction first on the weight of the cut formula, then by well-founded
induction on the sequent I" = A as for G4iSLt [51]. |

The results accumulated so far allow us to show that our calculus G4KM
captures exactly the logic KM.

Theorem 1 (& , ). If I A {p} is a multiset of formulas, then we have
FI=A ~ Fl—KMH\/A and Fl—KMH(p ~ }—Fé(p

Proof. For the implication on the left, we reason by induction on the proof of
F I' = A. Most rules of G4KM are trivially simulated in KMH, with the exception
of (-r) and (——L). We focus on the former, as the latter is treated using a similar
argument. We assume that we have proofs of O7'Ip F ¢ and I',o - ¢ V \/ A,


https://ianshil.github.io/KM/KM.Sequent.Cut.html#symmetric_cut
https://ianshil.github.io/KM/KM.Sequent.Equiv_KMH.html#G4KM_sound_KMH
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and prove I' F (o — 9) V) A. The pivot of the proof is the obtaining of I" Fxmn
oV (p — 1) from O, ¢ Fmu ¥. We first use the monotonicity of KMH ( #)
and the deduction theorem ( #) to obtain O~ ' 0O(¢ — ¥) F ¢ — 1. Then,
we can use a lemma simulating the sequent (or) ( #) giving us I' - O(p — ).
As O(p — ) — (¢ V (¢ — (¢ — 1)) is an instance of the axiom KM, we get
't V(e — (p—1)), hence I' - oV (p — 1). A reasoning by cases (™) and
the use of I', o Fumu ¥ V'V A gives us I'F (¢ — o) V'V A.

Now, for the right direction assume I' Fxmu ¢. We reason by induction on
the proof, essentially proving that the sequent calculus simulates the axiomatic
step, crucially using the admissibility of cut in the MP case. |

Remark 2. Two universes co-exist in Rocq: the impredicative universe Prop and
the predicative universe Type. Proving a statement in Type requires constructing
a concrete proof term, which can later be inspected to build other terms. How-
ever, a proof of a statement in Prop only guarantees that the property holds,
without granting the ability to inspect the proof. As we defined KMH in Prop
and G4KM in Type, the second part of our proof above is illegal in Rocq: the
sheer existence of an axiomatic proof cannot directly be used to build a con-
crete sequent proof. However, the decidability of G4AKM comes to the rescue by
allowing us to produce a proof from the knowledge of the existence of one.

4 Uniform Interpolation for KM a la Pitts

We recall the definition of the uniform interpolation property for a logic.

Definition 5. A logic L has the uniform interpolation property if, for every
L-formula ¢ and variable p, there exist L-formulas, denoted by ¥Ypp and Ipp,
satisfying the following three properties:

1. p-freeness: Vars(3py) C Vars(p) \ {p} and Vars(Vpp) C Vars(p) \ {p},
2. implication: k| ¢ — dpy and F| Vpy — ¢, and
3. uniformity: for each formula ¢ with p ¢ Vars(y):

FLo — ¢ implies L dpp — 1,
FLY — ¢ implies L ¢ — Vpep.

As suggested by the notation, this property is related to the interpretability in
the propositional language of existential and universal propositional quantifiers.

As we are going to prove this property for KM via its sequent calculus, we
first need to generalise its definition to sequent calculi.

Definition 6. A set of provable sequents, denoted b, has the uniform interpo-
lation property if, for any sequent I' = A and variable p, there exist formulas
E, (F) and A, (F = A) such that the following three properties hold:


https://ianshil.github.io/KM/KM.GHC.logics.html#KMH_monot
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1. p-freeness: (a) Vars(E,(I')) C Vars(I') \ {p}

(b) Vars (A, (I' = A)) C Vars(I', A) \ {p},
2. implication: (a) b I' = E,(I') and (b) - I',A,(I' = A) = A, and
3. uniformity : for any multisets II and X such that p ¢ Vars(II,X):

(a) if p ¢ Vars(X) and + II,I" = X then - ILE,(I') = X
(b) if FI1,T = A then + IT,E,(I) = A, (I = A).

We say that a sequent calculus S has uniform interpolation if Fs has the uniform
interpolation property.

Proposition 6. If G4AKM has the uniform interpolation property (Definition 6),
then the logic KM has the uniform interpolation property (Definition 5).

Proof. Choose 3pyp := E,({}) and Vpp := A, (0 = {}) and notice that E,0 is
a tautology. [ |

Remark 3. The generalisation of the uniform interpolation property from formu-
las to sequents is not straightforward, especially for multi-succedents sequents.
Indeed one could be tempted to formulate the sub-property 3.(b) as:

if FII,I'= A,% then - I1,E,(I') = A,(I' = A), 2.

However, this is a prior: a strictly stronger statement as it would entail the
interpretability of a universal propositional quantifier satisfying the constant
domain axiom [25]:

Vp.(p(p) Vi) — (Vp.p(p) V)

for any p-free formula . This axiom is provable in second-order classical logic,
but not in the intuitionistic counterpart. While the left uniform interpolants
of IPC provide an interpretation of this universal quantifier 2, our work seems
to only establish the interpretation of a weaker, more standard universal quan-
tifier. However, we see no theoretical contradiction (yet) in the possibility of
interpreting stronger versions of this quantifier in KM.

We follow the structure of Pitts’ original construction and its adaptation [22]
by defining both interpolants of sequents via mutual induction on the well-
founded ordering on sequents.

Definition 7. We define Ey(I") :== N &) and A (I" = A) ==\ A,(I' = A)
where E,(I") and Ap(I" = A) are sets of formulas defined by the table in Fig. 3.

2 In fact, in IPC they provide an interpretation of the stronger universal quantifier
which fully distributes over disjunctions [49, Example 10].
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I" matches &(I') contains

E0 17,1 1

(E) I'.q E,(I") A

(Ep2)* I h1 Ap2 Ep(I7, 111171112)

(Ex3)* I, 91V Ep (I, 91) V Ep (I, 40)

(Epd) I, (¢ — 1) q—=Ey(I", )

(Exb)* I''yry (r — ) Ep (I, 7, %)

(Ep6)* I, (81 Ad2) — 83 Ep (17,01 — (82 — 03))

(Ep7)* FI, (51 V 52) — 03 EP(F/ 61 — 03,02 — 63))

(Ep8) I, (61 — 62) — 83 O[E, (O ', (62 — 83),61) — A,(O7'I",(62 — d3),61 = b2)] —
(E (F 53)\/Ep([‘/,(51%(53,51)>

(E9) I oy DE,,(D*IF)

(Ep10) I, 061 — 62 O[E, (071,001, 82) = Ap (07T, 001,82 = 61)] = Ep(I7,82)

I' = A matches Ap(I' = A) contains

(A)" T'g= A A, (I = A)

( ) I a1 Apa = A Ap([‘l,d)l,’djziA)

(A 3) I 1V = A [Ep(I",¢1) = Ap (I 9 = A) A [Ep (I, 2) = Ap (I, 92 = A)]

(Apd) I’ (g—v)=A q/\Ap(F/,wéA)

(Ap5)* I'',r,(r = ¢) = A Ap (I 1,9 = A)

(Ap6)* F ,(01N02) =03 = A Ap(I",61 = (62 = 03) = A)

( ) (51V§2)*}53:>A Ap F/,61%53,52*>5q:> )

(A 8) F',(51 —68) >0 =>A [EI, (62 — 083),601) — A", (62 — 3),600 = A) A
D[EP(D71F1 (62 — 5; 5) — A ( 71[‘[ ((52 — [53),51 = 62)] A
Ep(I",63) — A, (I, 85 = A)

(Ap9) I'=Aq q

(A10)" Ip= A,p T

(Ap11)* I'= A, 01 A o Ap(IN= A, 01) NAL(I = A, 2)

(Ap12)* T'= A, 01 V o AT(F(:> lA,/wl,g)Oz) - )
DEP o~ F,(pl %Ap o~ F,(p1$<p2 A

(Apl3) I'=s Ajp1 — @2 [Ep(F,SOI) —>Ap(F,<Pl =>A,L,92)]

(Apl4) I'= A,Op O[E, (o', 0¢) = Ay (017, 0p = ¢)]

(Ap15) T',061 — 62 = A O[E, (07" 17,061, 02) = Ap(07' 17,001,082 = 61)] AAR (I, 62 = A)

Fig. 3. Clauses to define E, (F) and A, (F = A). In all clauses, q # p.

Remark 4. While we show in Theorem 2 that Definition 7 indeed defines uni-
form interpolants for G4KM, syntactically smaller formulas may also work. For
instance, when I" (resp. I" = A) matches a line of the form (E,n)* (resp. (Apn)*)
in the table, then E,(I") (resp. A,(I" = A)) can be defined as the right-hand
side of that line. Indeed, such lines correspond to invertible rules in G4KM.

The (very!) astute reader may have noticed an oddity in (Ap8) of the defi-
nition of the interpolant: in the first line, the recursive A, call is on I, (02 —
d3),01 = A, and not on the premise I, (02 — 03),d1 = d2, A of the rule (——L).
This disappearance of §; on the right-hand side of this sequent in (Ap8) is moti-
vated by the case of the (——L)-rule in the proof of uniformity: if it appeared in
the recursive call, then the proof for this case would not go through. The source
of this problem is the fact that (——1) is the only left rule with a premise whose
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right-hand side mixes formulas from the conclusion’s left- and right-hand sides.
The following alternative to (——1L) does not suffer from this issue.

x—=v,p=A4 O'x—=>ve=x LYy=A4
Ieg—=x)—v=A4

(——L2)

Implicitly, this is the rule we use in (A,8). Why is it safe to do so? Well,
though we do not need to formally prove it, (—L) and (——1L2) seem equivalent:
the latter is easily proved admissible from the former and weakening on the right,
while the former is admissible from the latter in presence of cut.?

A property of (——1L2) we crucially use in the proof of uniformity is its invert-
ibility with respect to its left premise. Note that through weakening it entails
the same result for (——L).

Proposition 7. The following rule is admissible in G4AKM.
Iie—=1¢) > x=A

(=—L™YH
Lo, (v —=x)=A

A notable consequence of this result, reinforcing our trust in the choice for
(Ap8), is that any sequent with a proof ending with (——L) can also be proved
by immediately applying (——1L2).

Theorem 2 ( ®). KM has the uniform interpolation property.

Proof. Tt suffices to show that Definition 7 provides us with uniform interpolants
for GAKM, i.e. prove the three properties of Definition 6. The p-freeness prop-
erty (¥ ) is easily checked and the proof of implication (#) does not differ
much from the literature. The main new difficulty is the proof of uniformity ( ™),
which goes by well-founded induction, in particular in the case (b) of (—1L): we
are given a p-free IT and a proof 7 of I, I" = A whose last rule applied is (——1L)
with principal formula (¢ — 1) — x, which can either belong to IT or I

If (p — 1) — x € II then 7 has the following shape.
1 ™2

3
'y —-xel'=Ay o' Y- xe0 ' I'=sy I x,I=A
' (p = ¢) = x, I'= A
We now need to prove the sequent II’, (¢ — ) — x,E, (F) = A, (F = A).
For brevity, denote E,(I") by E) and A, (I" = A) by A).

(—L)

I — x,0,E) = A) ¢y 07 ' — x, 0,0 'Ep = o II',x,Ep = A)
H/7(90_>1/)) _>X>E;?7 :>Ag

(——L)

The middle premise is obtained by noticing that E, (F ) implies DEp(D”F )
using rule (E,9) and then applying (IH) on my. The rightmost premise is a
direct application of (IH) on ms. The leftmost premise however, cannot be

3 Whether cut is admissible in the system with (—~—L2) instead of (——L) is unclear: a
straightforward adaptation of the argument for G4KM does not seem to work.


https://ianshil.github.io/KM/KM.Sequent.PropQuantifiers.html#KM_uniform_interpolation
https://ianshil.github.io/KM/KM.Sequent.PropQuantifiers.html#PropQuantProp.EA_vars
https://ianshil.github.io/KM/KM.Sequent.PropQuantifiers.html#PropQuantProp.entail_correct
https://ianshil.github.io/KM/KM.Sequent.PropQuantifiers.html#PropQuantProp.pq_correct
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derived from (IH) on 7. Indeed, case (a) is not applicable as A is not neces-
sarily p-free; and case (b) only proves IT',9 — x, ¢, E, (F) = A, (F = A, 1/)).
This is where Proposition 7 crucially plays a role: from 7, we can obtain a
proof @} of II' ;v — x, ¢, ' = A. This allows the first premise to be proved
by weakening ¢ on the right and applying the induction hypothesis (IH) on
71, whose end sequent is smaller than that of .

If (p — ¢) — x € I" then 7 has the following shape.

1 T2

3
ILT ) —x,po= Ay O o' IY—x,e=v¢ III'x=A
H7F>(90_>1/))_>X:>A

Again, Proposition 7 entails that there is a proof @} of II, IV, ¢ — x,¢ =
A. We now need to prove the sequent II,E,(I",(p — ¥) — x = A) =
A, (I, (p — ) — x = A). After weakening on the left, we notice an instance
of (A;8) on the right, producing three formulas which easily follow using (—R)
and (or) and the induction hypothesis on 71, mo and 73:

(——L)

() HILE, (I ¢ — x, o= A) = A (I, ¢ — x, 0 = A)
(2)FOTILE, (O T ¢ — x, o= ¢) = A (07 T, ¢ — x, 0 = 1))
(B)FILE,(I",x = A) = A, (I, x = A).

5 Algebraic Consequence of Uniform Interpolation

Uniform interpolation for KM has a direct consequence on the class of algebras
corresponding to this logic: coherence.

Definition 8 ( ®). A KM-algebra is a Heyting algebra (A, L, A\, V, —) together
with a unary operator O : A — A satisfying

OT =T OaADb=0O(aAb) a<Oa Oa—a=a Oa<bV(b—a)
where T := 1L — 1 and a < b is notation for a = a AN'b. We denote the class of
KM-algebras by KMAIg.

Formulas are evaluated over KM-algebras via the notion of interpretation.

Definition 9 ( #®). Let A be a KM-algebra. A valuation on A is a function
v : Prop — A. Given a valuation v over A and a formula o, we recursively
define the interpretation 0(p) of ¢ in A via v as follows, where x € {A,V,—}:

(p) := v(p) (L) =1 (1 * 2) := (1) * 0(x) o(0Y) = 00(v)


https://ianshil.github.io/KM/KM.Algebra.KM_Algebras.html#KMalg
https://ianshil.github.io/KM/KM.Algebra.algebraic_semantic.html
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We define the algebraic entailment as follows:

I'Eap iff VA e KMAIg.Vu. Wy el o(y)=T] = 9(p)=T

In contrast to the Kripke case, we have that KM coincides with its algebraic
semantics [47, Proposition 3.7): I Fxmu ¢ if and only if I" =4 ¢ (). In fact, this
coincidence is extremely strong: KM is finitely algebraisable over KM-algebras
(W, &, # ) in the sense of abstract algebraic logic [23], with {z = T}
as defining equations and {z < y} as equivalence formulas.

A so-called bridge theorem [23, Section3.6] leverages algebraisability to
inform us that if KM satisfies uniform interpolation, then KMAIg satisfies the
property of coherence [34,41]: any finitely generated subalgebra of a finitely pre-
sented member of KMAIg is finitely presented. Consequently, Theorem 2 and the
algebraisability of KM give us the coherence of KMAIg, a novel result.

Corollary 1. The class KMAIlg of KM-algebras is coherent.

6 Conclusion

Our novel multi-succedent calculus G4KM helped us establish uniform interpo-
lation for KM via a porting of Pitts’ technique to the multi-succedent setting.
Some difficulties had to be overcome on the way: the semantically inspired mod-
ifications made to the rule (»R), and the generalisation of the definition of uni-
form interpolation to multi-succedent sequents in an intuitionistic setting which
avoids capturing the constant-domain universal quantifier. We also drew a direct
algebraic consequence of uniform interpolation by showing that coherence holds
of the class of KM-algebras. To ensure the highest level of trust in our results,
we mechanised them all in the proof assistant Rocq.

In future work, we intend to leverage the insights gained in this paper, both
in the design of G4AKM and in the adaptation of Pitts’ technique, to show uniform
interpolation for relevant logics: the Gédel-Dummett logic LC and the combina-
tion of KM and LC, called KMy;,,. While uniform interpolation is only open for
the latter and not the former [27,46], applying the adaptation of Pitts’ technique
to LC can still be of interest: the size or production time of interpolants [6] may
be smaller using the technique employed here than with the usual procedure
exploiting the locally finiteness and Craig interpolation of LC.
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